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I. INTRODUCTION

Fractional calculus is a natural extension of the traditional calculus. In fact, since the beginning of the theory of
differential and integral calculus, some mathematicians have studied their ideas on the calculation of non-integer order
derivatives and integrals. During the 18th and 19th centuries, there were many famous scientists such as Euler, Laplace,
Fourier, Abel, Liouville, Grunwald, Letnikov, Riemann, Laurent, Heaviside, and some others who reported interesting
results within fractional calculus. In recent years, fractional calculus has become an increasingly popular research area
due to its effective applications in different scientific fields such as economics, viscoelasticity, physics, mechanics,
biology, electrical engineering, control theory, and so on [1-12].

However, different from the traditional calculus, the rule of fractional derivative is not unique, many scholars have given
the definitions of fractional derivatives. The common definition is Riemann-Liouville (R-L) fractional derivatives. Other
useful definitions include Caputo fractional derivatives, Grunwald-Letnikov (G-L) fractional derivatives, and Jumarie
type of R-L fractional derivatives to avoid non-zero fractional derivative of constant function [13-17].

In this paper, based on Jumarie type of Riemann-Liouville (R-L) fractional derivative and a new multiplication of
fractional analytic functions, we obtain arbitrary order fractional derivative of the following two types of matrix fractional

functions:
Qq P
1
(cosa (Ea (tA @D x“))) \

®ap
, 1 a
(sma <Ea (tA T@iD x ))) ,

where 0 < a <1, p is a positive integer, tis a real number, and A is a real matrix. In addition, our results are
generalizations of classical calculus results.

and
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I1. PRELIMINARIES
At first, we introduce the fractional derivative used in this paper.

Definition 2.1 ([18]): Let0 < a@ <1, and x, be a real number. The Jumarie’s modified Riemann-Liouville (R-L) a-
fractional derivative is defined by

a x f(t)—f(x0)
(XOD )[f(x) F(l a) dxxo (x-t)* dt, (1)

where I'( ) is the gamma function. On the other hand, for any positive integer m, we define (xOD,‘})m[f(x)] =
(2,P5) (x,D%) = (1, DE)[f ()], the m-th order a-fractional derivative of f(x).

Proposition 2.2 ([19]): If a,B,x,, C are real numbersand § = a > 0, then

(D) = x)] = s (e = %), @

and

(x,D2)IC] =
©)

Definition 2.3 ([20]): If x, x4, and a,, are real numbers for all n, x, € (a, b), and 0 < a < 1. If the function f,:[a,b] - R

can be expressed as an a-fractional power series, that is, f,(x%) = Yoe Om(x Xo)™® on some open interval

containing x,, then we say that f,(x%) is a-fractional analytic at x,. Furthermore, if f,:[a, b] - R is continuous on
closed interval [a, b] and it is a-fractional analytic at every point in open interval (a, b), then f, is called an a-fractional
analytic function on [a, b].

In the following, we introduce a new multiplication of fractional analytic functions.

Definition 2.4 ([21]): If 0 < a < 1. Assume that £, (x*) and g, (x%) are two a-fractional power series at x = x,,

fa(x) = B0 i O = x0)™, @
9a®®) = Bieo gy O = %)™ (5)
Then
fa(X)®¢q ga(x®)
= o pty (& = X0)™ @ Lo s (8 = x)"™®
n
= T 0 momars (Zmmo () nombm) G = x0)" (6)
Equivalently,
fa(X)®¢q ga(x®)

®qn

= S0 (i 1)) @ i (s G x)?)

n Rqn
= Zn 0 ( m=0 (m) an—mbm) (m (x - xo) ) : (7)
Definition 2.5 ([22]): If 0 < a < 1, and x is a real number. The a-fractional exponential function is defined by
o woo X 1 1 « Qqn
Eo(x®) = Lo romry = Zior (farp ) - (®)

On the other hand, the a-fractional cosine and sine function are defined as follows:
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@ v (_l)nxzna e (- 1 @ ®q2n
€05 (x%) = Xnzo r2na+l) Ln=o 2n)! (F(a+1)x ) ! ©)
and
. @ _ v (_1)nx(2n+1)a oo (-)" 1 « ®q (2n+1)
Sing (x%) = Xnzo r(en+la+1) Ln=o (2n+1)! (F(a+1) ) : (10)
Definition 2.6 ([23]): If 0 < @ < 1, and A is a matrix. The matrix a-fractional exponential function is defined by
v n xna oo l 1 « Qqn
Ea (Ax ) - Zn:OA M'(na+1) - Zn:O n! (A I'(a+1) x ) ) (11)
And the matrix a-fractional cosine and sine function are defined as follows:
(Ax@) = S an CLE g CUT (g L) (12)
COSa(AX") = Zin=0 rena+1) <770 2n) l"(a+1)x '
and
. @ _ v n (_1)nx(2n+1)zx oo (_1)n 1 @ ®q (2n+1)
Sing (Ax®) = Xnzo A [(en+la+1) Ln=o (2n+1)!( [(a+1) ) ’ (13)
Theorem 2.7 (matrix fractional Euler’s formula)([24]): If 0 < ¢ < 1,i = v/ —1, and A is a real matrix, then
E (iAx%) = cos,(Ax®) + ising (Ax%). (14)

Theorem 2.8 (matrix fractional DeMoivre’s formula)([24]): If 0 < a < 1, p is an integer, and A is a real matrix, then

[cos, (Ax%) + isin, (Ax®)]®«P = cos,(pAx®) + isin, (pAx®). (15)

Theorem 2.9 (fractional binomial theorem)([25]): If 0 < a < 1, p is a positive integer and f,(x%), g,(x%) are two a-
fractional analytic functions. Then

[Fux® + gax1®e? = 32 (7) (fux ) @0 (92 x) ™" (16)

where (Z) - k!(:ik)! '

I11. MAIN RESULTS

In this section, we find arbitrary order fractional derivative of two types of matrix fractional functions. At first, a lemma is
needed.

Lemma3.1: If0 < a <1, tisareal number, p is a positive integer, and A is a real matrix, then

Rap _1\n
(cosa(Eattax)) ™" = 550, (7) Timo G (0 — 20" E, (2neax ), (17)
and
P\ voo (D" 2
T A )
Sta « x B (=2)P k=0 k —sin (M) Zoo (_1)11 ( _ 2k)2n+1E ( 2 + DtA (X) '
2 ) “1=0 (on41) p ((2n JtAx
®ap
Proof: (cosa(Ea(tAx“)))
1 . . ®ap
= (3[Ea(iEa(tAX®)) + Eo(—iE4(tAx9))])
= %Zizo (i) [Ea(iEa(tAx“))]% "o, [Ea(—iEa(tAx“))]®“k (by fractional binomial theorem)
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Z%Z,’z:o (Z) E, (i(p - k)Ea(tAx“))®a E, (—ikEa (tAx“)) (by matrix fractional DeMoivre’s formula)
= 2500 (§) Eali — 20)Eo (t4x®))

= zip P o (Z) cosq((p — 2k)E, (tAx%))

®Rq2n

= zipZL ( )Zn 0 (ZH), ((p — 2k)E, (tAx%))

- le ( )Zn 0 (2n)' ( — 2k)*™E,(2ntAx®).

And
(sina (Ea (tAx“)))®a 8

= (5 [Ea(iEa(tAx®) - Ea(-iEa(tA"“))Dw

iP
T (2P

)[E (1B, (tAx))]|®* P 7OQ, [<Eq (~iE, (tAx®))]®*"  (by fractional binomial theorem)

= '2)1’ ( ) (—1)*E,(i(p — k)E,(tAx*))®¢ E,(—ikE,(tAx®)) (by matrix fractional DeMoivre’s formula)

= o [cos (5) + 1sin (5] 2020 () CD*Ea(ip — 2K)Eq (£4x))

3

[co
= 2)p [ 0s (p?) + isin (pz—n)] Yo (z) (—D*[cos, ((p — 2k)E,(tAx®)) + ising ((p — 2k) E, (tAx®))]

= 2)p ( ) (—D* [cos ( )Cosa((p — 2k)E, (tAx"‘)) - sm( )sma((p —2k)E, (tAx“))]

Qg 2n

cos (F) 2o (W 2 (p = 2K)Eo(eAx))

| —sin (pz—n) Z;‘f;o ((P — 2k)E, (tAx®))

= o 2o (1) 1"

Qq (2n+1)

(2n+1)'

e -1)"
cos (Pz_ﬂ) Zn=0 ((Zn)). (p — 2k)*"E,(2ntAx%)

o . g.e.d.
|—sin (7) Yo, = (anu (p — 2k)¥"*1E, ((2n + 1)tAx®)

= o 2o (1) 1"

Theorem 3.2: If 0 < a < 1, tis a real number, m, p are positive integers, and A is a real matrix, then

(D%)" [(cosa(ga(mxa)))%”]=2i,,(tA>m P o () T S (0 - 202" ) Eg (2ntAx ). (19)

And

(o09)" [(sina (Ea(tAx“)))%p]

cos (p“') Zn 0( n"t (- Zk)Zn(Zn)mE (2ntAx®)
. (20)
—sin (7) Zn:o (2n+1)| (p Zk)Z"“(Zn + 1)mE ((Zn + 1)tAxa)

e 2)7’

™20 (1) (—1)kl
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Proof: By Lemma 3.1, we have

(o08)" [(cosa(Ea(tAx“)))®ap]

= (oD)" [ 20 (}) Zio Gy (0 — 200" Eg(2ntax )]

=30 (7) 2 o(zn),( p —2k)>" (oDF)" [ (2ntAx)]

= Zipzizo (z) Z%OZO (2n)l (p Zk)zn(zn)m(tA)mEa (ZntAxa)

= 5 @A™ T, (1) Bizo S (0 — 20607 20" o (2t Ax)

On the other hand,
(08" >(sina(Ea(tAx“)))®ap]
. ) cos (pn)zn o (21) (p — 2k)*E,(2ntAx®)
= (OD;{) (-2)P ( )( 1) . (pm 2n+1 a
—sin ( . )Zn:o (2n+1)' (p — 2k)*"1E,((2n + 1)tAx%)
R T B () 20 G 0 — 202" (oD2) " [E (2neax)]
ol —sin (%) Bio s (0 = 20271 (DF) " [Ea((2n + 1)eAx®)]
) ) p ) cos (pn) >, (21) (p — 2K)2"(2n)™(tA)™E, (2ntAx%)
-1
—sin(— a 221 2n + D™ (tA)™E,((2n + DtAx®
= Zhea () D (%) o (0 — 2007120 + DM (EA ™ Eg (20 + DeAx) |
p ) cos (M) > . ((_211))7 (p — 2k)*"(2n)™E, (2ntAx%)
m -1 ) .
e z)v( A (k)( ) —sm( ) e 0(2n+)1)- (p — 2k)2"*1 (20 + D™ E,((2n + 1)tAx®)|
g.e.d.

IV. CONCLUSION

In this paper, based on Jumarie’s modified R-L fractional derivative and a new multiplication of fractional analytic
functions, we obtain arbitrary order fractional derivative of two types of matrix fractional functions by using some
methods. Moreover, our results are generalizations of ordinary calculus results. In the future, we will continue to use
Jumarie type of R-L fractional calculus and the new multiplication of fractional analytic functions to solve problems in
engineering mathematics and fractional differential equations.
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